We prove that C 1 -generically, continuum-wise expansive diffeomorphisms satisfy both Axiom A and the no-cycle condition. Moreover, (i) if a volume-preserving diffeomorphism belongs to the C 1 -interior of the set of all continuum-wise expansive volume-preserving diffeomorphisms then it is Anosov, and (ii) C 1 -generically, every continuum-wise expansive volume-preserving diffeomorphism is transitive Anosov. MSC: 37C20; 37D20
Introduction
Let Diff(M) be the space of diffeomorphisms of closed C ∞ -manifolds M endowed with the C  -topology, and let d denote the distance on M induced from a Riemannian metric · on the tangent bundle TM. In dynamical systems, expansivity is a useful notion to study of the stability. Roughly speaking, if two points stay near for future and past iterates, then they must be equal. We say that f is expansive if there is e >  such that for any pair of distinct points x, y ∈ M, d(f n (x), f n (y)) > e for some n ∈ Z. The number e >  is called an expansive constant for f . For a point x ∈ M, we say that x is a non-wandering point if for any neighborhood U of x, there is n ∈ Z such that f n (U) ∩ U = ∅. Denote by (f ) the set of all non-wandering points of f . It is clear P(f ) ⊂ (f ), where P(f ) is the set of the periodic points of f , and P(f ) is the closure of P(f ). We say that f satisfies Axiom A if (f ) = P(f ) is hyperbolic. We say that f is quasi-Anosov if for any v ∈ TM (v = ) the set { Df n (v) : n ∈ Z} is unbounded. It follows that f satisfies Axiom A. For expansivity, in [] , Mañé showed that a diffeomorphism belongs to the C  -interior of the set of all expansive diffeomorphisms if and only if f is quasi-Anosov.
In this paper, we study the notion of continuum-wise expansivity which was introduced by Kato in [] . Let be a closed set of M. A set is nondegenerate if the set is not reduced to one point. We say that ⊂ M is a subcontinuum if it is a compact connected nondegenerate subset of M. A diffeomorphism f on M is said to be continuum-wise expansive if there is a constant e >  such that for any nondegenerate subcontinuum A there is an integer n = n(A) such that diam f n (A) ≥ e, where diam S = sup{d(x, y) : x, y ∈ S} for any 
We say that is transitive set if there is a point x ∈ such that ω f (x) = , where ω f (x) is the ω-limit set of x. Let ⊂ M be an f -invariant closed set. We say that admits a dominated splitting if the tangent bundle T M has a continuous Df -invariant splitting E ⊕ F and there exist constants C >  and  < λ <  such that
for all x ∈ and n ≥ . Recently, Lee [] showed that if a transitive set is C  -stably continuum-wise expansive then it admits a dominated splitting. In this spirit, we show that C  -generically, every continuum-wise expansive diffeomorphism satisfies both Axiom A and the no-cycle condition. This is a generalization of the remarkable result in [] .
is continuum-wise expansive then f satisfies both Axiom
A and the no-cycle condition.
Continuum-wise volume-preserving diffeomorphisms
Let M be a closed C ∞ Riemannian manifold endowed with a volume form ω. Let μ denote the Lebesgue measure associated to ω, and let d denote the metric induced on M by the Riemannian structure. Denote by Diff μ (M) the set of diffeomorphisms which preserves the Lebesgue measure μ endowed with the Whitney C  -topology. Note that in volumepreserving diffeomorphisms, the non-wandering set (f ) = M by recurrent theorem. We say that is hyperbolic if the tangent bundle T M has a Df -invariant splitting E s ⊕ E u and there exist constants C >  and  < λ <  such that Let CWE μ (M) be the set of all continuum-wise expansive volume-preserving diffeomorphisms. In this paper, we study the continuum-wise expansive case, and if f belongs to the 
In diffeomorphisms, Arbieto [] proved that C  -generically, if f is expansive then f is -stable. It is well known that for a -stable diffeomorphism, there is a diffeomorphism such that the diffeomorphism is not expansive. However, for volume-preserving diffeomorphisms, the phenomenon cannot happen since (f ) = M.
such that g has a periodic point p g with homoclinic tangency q g then f has a periodic point p with homoclinic tangency q. In fact, it is closely related to the conjecture of Smale (see [] ). Note that if dim M =  then it does not exist normally hyperbolic. In this paper, we consider dim M ≥ . Recently, Bessa et al.
For a Hamiltonian system, Lee [] showed that C  -generically, an expansive Hamiltonian system is Anosov. In this spirit, we study the continuum-wise expansiveness for generic view point. Then we have the following.
Theorem C For C  -generic f , if f is continuum-wise expansive then it is transitive Anosov.

Proof of Theorem A
Let dim M ≥  and let f ∈ Diff(M). We prepare several lemmas to arrive at Theorem A. The Franks lemma [] will play an essential role in our proofs.
Lemma . Let U(f ) be any given C  -neighborhood of f . Then there exist ε >  and a C
Let p be a periodic point of f , and let  < δ < . We say p has a δ-weak eigenvalue if D p f
has an eigenvalue λ such that ( -δ) π (p) < |λ| < ( + δ) π (p) . The following lemma will also play a crucial role in our proof. Proof Let R  = R  , and let f ∈ R  be continuum-wise expansive for f . Suppose, by contradiction, that for any δ >  there is a periodic point p of f such that p has a δ-weak eigenvalue. Let ε > , and let V(f ) ⊂ U  (f ) be a C  -neighborhood of f which is given by Lemma . with respect to U  (f ). Then there exist g ∈ U(f ) and a non-hyperbolic periodic point q of g such that an eigenvalue λ of D q g π (q) with |λ| = , and
. . , c, are roots of unity.
Let F be the finite set {q,
where
We write
f ∈ R  , we assume that the eigenvalue λ ∈ R.
m is the identity on the arc I q . It is clear that the small arc I q is normally hyperbolic for g  . By Remark ., for any g C  -close to f , if g has a normally
hyperbolic then f has a normally hyperbolic, that is, it is C  -robust. Then we know that f has a small arc J q which centered at q with f π (q) (J q ) = J q . Note that if f is continuum-wise expansive then f k is continuum-wise expansive for any k ∈ Z (see [, Proposition .]).
Denote by l(A) the length of A. Take e = l(J q ). Since
This is a contradiction.
We say that f satisfies star condition if there is a C  -neighborhood U(f ) such that for any g ∈ U(f ), every p ∈ P(g) is hyperbolic. We denote by F(M) the set of diffeomorphisms satisfying star condition.
Lemma . There is a residual set R  ⊂ Diff(M) such that for any continuum-wise ex-
Proof Let R  = R  , and let f ∈ R  be continuum-wise expansive. Proof by contradiction, we may assume that f / ∈ F(M). Then by Lemma ., there is g C  -close to f and p g ∈ P(g) such that for any δ > , p g has a δ/-weak eigenvalue. By Lemma ., p ∈ P(f ) has a δ-weak eigenvalue. This is a contradiction by Lemma .. To prove Theorem B, it is enough to show that a continuum-wise expansive volumepreserving diffeomorphism f ∈ F μ (M). 
Proof of Theorem
A Let f ∈ R  be continuum-wise expansive. By Lemma ., f ∈ F(M). Since f ∈ F(M),
